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A theoreticalanalysis,basedontheMnearizedequationfor
supersonicflow,wasmadeof thecharacteristicsoftriangular-tip
controlsurfacesonthintriangularwings.By restrictingtheanalysis
to thecaseforwhichtheMachlinesfromthewingapexMe behindthe
leadingedge,a simyli.fiedtreatintw ~de possible~ mat the
resultsofpreviousworkon theliftof triangularwingscouldbe used
to derivesimpleexpressionsforthelifteffectiveness,pitching
moment,rolling-momenteffectiveness,andhingemomentdueto control

* deflection.An expressionwasalsoobtainedforthehingemomentdue
toangleof attack.Ccqarisonsweremadewiththeresultsforthe
two-dimensionalcase.

.
Theratioof lifteffectivenessto thehingemomentwhich

resultedfromcontroldeflectionwasequalto thecorrespondingtwo-
dimensionalratioforthesameratioof flapareatowingarea.

Againforequalratiosofflapareato wingareaandfora
flapchordone-halfthewingchord,therateofrollperhinge-mcynent
coefficientdueto controldeflectionwastwiceas largeforthe
presentconfigurationasforthetwo-dimensionalcase.Thisdif-
ferencewasdirectlya resultofthedifferenceindampingcoefficients
betweenthetwocases.

The”valuesofhinge-momentcoefficientduetoangleof attack
werefoundto behi@ whencomparedwitheitherthehinge-moment
coefficientdueto controldeflectionortiththebwo-dinwnsional
hinge-mmuentcoefficientdueto angleofattack.Theappreciable
balancingeffectthusindicatedwouldmateriallyreducethestick
forcein a steadyro13.andwouldalsohavetobe takenintoaccount
inthedeterminationof thestick-freelongitudinalstabilityifthe
-presentarrangementwereusedasa horizontaltail.

.
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moDucTIoN

Thereis considerableinterestintheuseofwingshaving
triangularpkn formsforfl@ht at supersonicspeeds.Much~rk
hasbeendoneontheliftanddragcharacteristicsof suchwings
(referencesI to~). Investigationoftheliftandhinge-mmnent
characterlsttcsof controlsurfaceswhichmightbe usedontri-
an- tingewas considered destiable. Severalsuchcontrolsurfaces
havebeensuggested;thepresentya~ertreatscontrolsurfaceswhich
arelocatedat thetipsofthewingandwhichhaveplanforms
geometricallysimilartotheplanformofthewing.

ThepresentanalysisisrestrictedtothecaseinwhichtheMach
linesfromtheapexofthewingliebehindtheleadingedge.Because
ofthisrestriction;theresultsofreference2 couldbe usedto
obtainsbple expressionsforthelifteffectiveness,rolling-moment
effectiveness,pitchingmoment,andhingemomentdueto control
deflection.An eqn?essionwasalsoobtainedforthehin~ moment
~ue to sngle ofattack.

Becausetheanalysisofreference2,whichformsthebasisfor
thepresentpaper,wasmadeby useoftheUnearizedequationsofz?mtion,
thepresentresultsaravalidonlywithintheusuallimitsofthe
linearizedtheory.Also,theeffectsofviscosityhavebeenneglected.
In thisregard,someyreliminaryexper-tal resultsona flapped
airfoilhaveindicatedthata fullydevelopedboundarylayermay
reducetheeffectiveangleofflapdeflection.
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P presmreon onesurface;

Po free-streampressure

P liftingpressureonflap

rollingvelocity

9. ()&.free-streamdynamicpressure *

R ~rpendiculardistancefromhingelineofoneflapto
oppositeleadingedge(seefig.6)

S wingarea

Sf. areaoftwoflaps

t=ti ‘
tane

()to= l-2:

v free-streamvelocity

w disturbancevelocityin z-direction(ciV)

x,y Cartesiancoordinatesparallelandnormal,respectively,
tofree-streamdirectionwithoriginatwingapex

Yf distancefromwingcenterlinetoflapcenterline

a angleofattack

1

angleofflap

ting-semiapex

x
x

/

‘% lifteffectiveness
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$=q~
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~ = tan-~
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P free-streamdensity

fix disturbancevelocltyinx-direction

Subscripts:

a partialderivativeof coefficientwithrespectto a

( )

&~
example:CL

a“’5Z_
.

8 partialderivativeof coefficienttithrespectto 8

( )exceptwhenusedin a5

CL partialderivativeof coefficientwithresyectto CL
~

w two-dimensionalcase

Allang+esareinradiansunlessotherwisespecified.

AmIxsIs
LiftEffectiveness

‘.

Thecontrol-surfaceconfigurationunderinvesti~tionis shown
infigure1. Thereisno changeinpressureoverthemainsurface
ofthewingwhentheflapsaredeflectedas longas theMachlines
liebehindtheleadingedge.The13ftproducedby a givenflap
deflectioncanthereforebe foundby regardingeachflapas an
isolatedtriangularwing. Hadtherestrictionnotbeentiposed
thattheMachHnes liebehindtheleadingedge,thennotonlywould
considerationoftheeffectoftheflaponthewinghave,been
necessary,but,inaddition,theupwashabouttheoutsideedgeof
theflapwouldhavehadtobe takenintoaccount.Withthepresent
restriction,thecenterofpressureonthedeflectedflapisalways
at thecenterofflaparea,Whichgreatlysimplifi%theanalysis.

Fora snKU.flapdeflection
correspondingangleofattackof
easilybe showntobe 5slne.
cient(basedon totalwingarea
maythenbe showntobe

:

5 aboutthehingeline,the
theflapto thefreestreamcan
Fromreference2, theliftcoeffi-
S) causedby a flapdeflection8

—

-,.—
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Fromthegeometryoftheconfiguration,

therefore,

and

;.

Sf ~cfz
—=
s o-F

2
CL =

()
8tiaj.ne cf

P T

(1)
.

(2)

It is commonpracticeto definethelifteffectivenessofa control
surfaceas ~, whichmaybe consideredastheratioofthellft
coefficientproducedby a unitflapdeflectionto theliftcoefficient
producedby a unitangle.ofattackoftheentirewing.Frm
reference2, theliftcoefficientproducedby a unitangleof
attackis

Thelifteffectivenessistherefore

Valuesof ~ Cfsreg3veninf@ure 2. Notethatat ~ = 0.5 the

inboardendsofthetrailingedgesofthetwoflapsmeetatthe
centerltieofthewing;therefore,thisisthelargestflapchord

(3)

(4)

.

—

.
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ratiothatcanbe usedwiththisscheme.At G = 9° thewing
reducesto a straightlinejconsequent-jthis~~ of ~ rel?resents

“ a limitingcaseratherthana @ysfcallypossibleconfiguration.

At thispointthecorrespondingliftparametersmaybe con-
venientlygivenfora two-dimensionalwingwitha constant-chord
flap● Forthetwo-dimensionalcase,thefollowingeq~tionsfrom
reference6 maybe given

and

therefore,

(5)

(6)

(7)

.

A &l.rectccmqarisonof ~ to ~ isnotparticularlyenlightening.
w

In a latersectionof thepaper~“DiscussionandConcludingRemarks”),
a moredefinitivecomparison,involvinghingenmmentsjisxdet

PitchingMoment

Whentheflapis deflected,theangleof attackbeingheld
constant,theresultant~ft ontheflapusuallygivesriseto a
pitchingmoment.Thiseffectisof importancein stabilitywork,and
itsmagnitudemaybe evaluatedifthefactisremmiberedthatthe
centerofpressureonthedeflectedflapisattwo-thirdsofthe
flapchordfromtheflapapex.

Thepitchingmomentisfoundabouttheaerodynamiccenterof
themainwing,whichisat two-thirdsofthewtngchordframthetig
apex.Thepitching-momentcoefficientisbasedontotalwtng2=ea
andwingmeanaerodynamicchord,whichcanbe showntoequal—c.3

.
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●

8

Then, .2422)IrL=- qq

CL()+;=.—
and

(8)

Valuesof -~L areshowninfigure3.

Again,comparisonofthispitthing-mmentcoefficientwiththat
forthetwo-dimensionalcaseis ofinterest.l/?mnreference6 isused,
thepitching-momentcoefficientaboutthewingaerodynamiccenter
(whfchnw isatthetid~ord)resultingfrm a unitliftcoefficient
duetoflapdeflectioncanbe showntobe —

.

sothatforequalflapchordratfos

Tromfigure3 thevalueof -~ isthesmallestforthe
L

largestflapsize.Whethera largeor smll valueof CWL ‘s

(9) “

(lo)

desirabledependsuponthetypeof controlsurface(elevatoror
aileron).
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Rolling-MomentEffectiveness

If thetwoflapsaredeflectedequalamountsinopposite
directions,a rotig momentratherthana.liftforceisTroduced.
An expressionisnowfoundfortherolling-~nt coefficient
resultingfromunitdeflectionsoftheflapsinoypositetiections.
Iftherollinn-momentcoefficientisbasedontotalwingareaend ‘
wingspan,therolling-momentcoefflcicmtyroducedby oppositeunit
deflectionsoftheflapsis givenby

Now,

h
Yf *=-~

therefore,

:=i~-+)=%-z)
andby stistitutionof equation(2),equation(n) becomes

Valuesof Czap aregiveninfigure4.

‘Therolding—mmwn t

be showntole

Therolling-moment

coefficientforthe

)Cf-—
c

tm-dimensional

effectivenessisoftenusedto
rateofrollas expressedby thew5ng-tiphelJxangle

(U)

(I-2)

casecan

(13)

determinethe
@/2v. In
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orderto obtainthevalueof pb/2V fora unitailerondeflection,
%8

For
the

and

is,dividedbythe-dampingcoefficientofthewing,definedas

thetriangularwing
damping

forthe

so that

and

inrollhas
withtheMach
beenfoundin

two-&Unensional

(14)

linesbehindtheleadingedge,
reference7 tobe

(15)

(16)

(17)

(18)

HingeMomentDuetoControlDeflection

Notonlytheforcesandmomentsproducedly theflaps,butalso
theforcesrequiredtomovetheflaps,areof concerntotheaircraft
desi~er.Thehingemomentresultingfromflapdeflectioncanbe
foundinmuchthesam fashionas thepitchingmomentresultingfrom
flapdeflection,ifthecenterof.pressureonthedeflectedflapis
rememberedtobe atthecenterofareaoftheflap. If theusualcon-
ventionisfollowedinwhichthehinge-mmnentcoefficientisbased

.

.

.

—

.

.

*

m
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.
on themaximumflapspanalongthehinge
theflaproot-mean-squarechordmeasured

line andonthesquareof
perpendicularto thehinge

■ line,thehinge-momentcoefficientproducedby a
canbe found.

Theflapspanalongthehingeis seentobe

bf’= cf sec~

unit flapdeflection

(19)

Thesquareoftheflaproot-mean-sq,,echordperpendiculartothe
hingelinecanmostconvenientlybe foundby takingtwicethearea
momentof oneflapaboutitshingelineanddividingby thehinge-
linespanof oneflapandisfoundtobe

●

–2 = &f2 sin2~
Cf 3

Usinga Eft coefficientbasedontheareaof oneflapratherthan
onwingareaisalsoconvenientand,therefore,fromequation(1)

.

.

Thehinge-momentcoefficientfora unitflap
written

4 sin6bfcf2— — afq sine

%1~=- 5 2 342
qc+secG -cf 13in2G

3

deflectioncannowbe

ly Cos E
=-

cf~

(20)

l-l

but
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therefore,

Valuesof -q@/2
thetwo-dimensional

(21)

arepresentedinfigure5. Thevalueof Ch5 for

case(seereference6) is

therefore,

(22)

Sincethisratiois

Cha
—=sinc
%5m

(23)

8

~req +&/2, fiwe 5 also representsa ylot
of equation(23). I?orthepreseritconfigurationCh5 is d_WYS less

thanforthetwo-dimensionalcase,andthevalueof Cha iS

independentofflapsize.

.—

*

.

.—

.

.—

HingeMomentDuetokgle ofAttack

In theanalysisthusfar,obtaintigsimpleeqressionsforthe
variousaerodynamiccharacteristicshasbeenpossible%yvirtueof
thefactthatthedeflectedflapcouldbe regardedas an isolated
triangularwing,theliftofwhichcouldbe expressedverysimply

‘“without theneedofanypressureintegrationovertheflapsurface.
Thissimpleconceptcemnotbe usedto deteminetheflaphingemoment
resultingfroman angleofattackoftheentirewing. Instead,an
integrationoftheelementaryhingemomentoverthesurfaceofthe
flapmustbeperfomned. .

—
—

Becauseoftheconicalflowfieldproducedbythetriangular“
wingat anangleofattack,theyressureis_constantalongany
straightlineemanatingfromthewingayex,thevalueoftheconstant
pressurebeinga functionoftheangulardistanceofthelinefrom
thecenterlineofthewing. Thepressureisnotedtobe constant
overtheelementarytriangularareaindicatedinfigure6. H now
thedifferentialhingemomentcausedby thispressureactingover

.

theflapcanbe detemined,tierestittigeqressionCm be ~tegratea
to givetheentirehingemomentoftheflap.

—
b-

1
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Fortheyresent,thenetpressureoverthetopandbottom
surfacescanbewrittenas P. If thepartof theincrementalarea
containedbetweentheflaphingelineandthewingtraillngedgeis
calledA, ifthereminderoftheincrementalareaIs calledB,
andfurtherif r isusedto denotethedistanceofthecemtroid
ofan areafroman axis,withsubscriptsto denotethetis and
thearea(seefig.6 foraxesused),an expressionforthedifferential
hingemomentof theflapcambe writtenas

&E= P*A =
[

P (A+ B)roA+B

Thevariousareasandcentroidscanbe
fig.6):

.1OB-(A+B-B)R- Br (24)

writtenas follows(see

A+B= ~‘dbf

B=:dbf ’

A+ B-B = ~ dbf-~ dbf’

2R
‘%=3

Thefollowingequationscanalsobewritten

‘OA+B
.:c(sine+cos Gtan K)

R= 2(C- of)sinc

Expressionof equation(24)intermsof t is convenientwhere

(25)
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If a numbern isdefineda.s

NACATN No.1600 —

.

(26)

t = O onthewingcenterline,t=n ontheMachtie, and t.1
onthewingleadingedge.Thenumberst and n haveherethe
samesignificanceas inreference2. Theintersectionofthehinge

()linewiththewingtrailingedgecorrespondsto t . 1 - 2 ~ . This
valueof t is calledto. b orderto eqressequation(24)in
termsof t, thefollowingequationscanbe written

dbf=ctanedt

and

dbf’= 2(c- cf)secG
(t:1)2

By substitutioninequation(24)andsimplification,
obtainedis

theresult

~ _ stn2G
{[

C3 C2_—. - ( )]c- qPdt+ $1’tdt+~c
Cos6 3

}
3( - cf)3~::12

where P isa functionof t. Forconvenienceinnotation,the
chordfumctionsaregivenspecialnames:

F1 S$-C2(C-%)

C3
~2 3~—

F3 =*(C - @3

w

.

—
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Theexpressionfor dE thenbecomes

aH
[

2 at=~F12dt+F2Ptdt+ F3
CosG (t+ 1)21 (27)

&. eqressionfor P cenbe obtatiedfromequations(9),(~),
and(35)ofreference2. E@ation(9)ofreference2, in thenotation
of thepresentpaper,definesa Pressmecoeffic~entas

P- 10 efix=— =-—
CP @V2/2 v

where

P pressureactingononesurfaceofwing

@x disturbancevelocityinx-direction
.

If,asbefore,
surfaces,then

P isthepressuredifference

(28)

betweenupperandlower

Forthepartof thew&rigaheadoftheMachline (t>n), @x is
givenb~equation(34)of reference2 as

(29)

where w, theverticaldisturbancevelocity,is aV inthepresent
case.
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Machline (t<n), equation(35) of reference

No. 1600

2 gfves

(Thesubscriptsareaddedforconvenience.) Whenitisremembered
thatthesedifferentexpressionsforthepotentialarenecessary
aheadofandbehindtheMachline,equation(27)canbe integrated
to givethetotalhingemomentoftheflap:

.F3[~-+K*l}
Uponsubstitutingthevaluesof #x, and @&, thisequationbecomes

+ 4pa??

[/

sin2~F n
—1 Sin-% dt+ ,2

/
n t Si!2-% dt

&mcos G to to

.

*

.-.

(30)
.
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where

Formingthehinge-mcnwntcoefficientper
gives

unitangleofattack

Ch .2m!L
a qbf’~f2

where bf’ and =f2 are@ven by equations(19)and(20). Performing
theindicatedoperation,simplifying,andexpressingtheresult

where

(31)

—
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Thequantityinthefirstbracketof eqution(31),whicharosefram
fnte~atinga constantpressureovertheflap,hastheconstant
value2/3,sothatequation(31)maybe shnplifiedtoread

%= -&+*FL ‘i””‘t
!n

+ G2 t sin-% dt+G3
J

n sin-% dt

to to (t+ 1)2

.

—

(32)

Thisistheexpressionforthegeneralcasem whichtheMachline
fromthewingapexintersectstheflap.Yorthecaseinwhichthe
Machlinedoesnotintersecttheflap, C~/2 issimp&thefirst

termofequation(32).Thisfactiseasilyseenphysicallyby
recallingthat.everywhereoutsidetheMachlinethepressureisa
constantdependentonlyon n. Therefore,iffora givenvalue
of n varioussizesofflapsalllyingoutsidetheMachlineare w=
considered,alltheseflapswillhavethesamevaluefor Ch . Thisa
reasoningcanbe extendedfurther.Considertheflapsizetobe
increasedsothatpar%oftheflapnow’liesinsidetheMachline.

—
>

ThispartoftheYhp isactedonby a loweryressurethanthepart
-..

outsidetheMachline,sothatthevalueof C~ would%e expected
.

to be lowerthanthatfora flapl@ng whollyoutsidetheMachline.
A pictorialrepresentationof thepressuredistributiononthewing
is giveninfigure7.

Theintegralsoccurring.inequation
a~yendix.Valuesof -ch’ay2‘avebeen
in figure 8. Thevalueof Cha for the

reference6) is

.-

(3E!) areevaluatedtnthe
calculatedandarepresented

two-dimensionalcase(see

Cha=‘;
co

.—

or

Cha~
co-— .

2 1

—

.

(33)

..

1
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therefore,figure8 alsorepresentstheratioof ~ forthe
triax ~se to Cha forthetwo-dimensionalcase.Zn allcases
tievalueof Cha forthepresentconfigurationis greaterthan.
thecorres~ondingtwo-&bmsi~l value. AS is to be eqected f’rom
thequalitativereasoninggivenbefore, C% decreasesas the flap
chordincreasesandastheMachlinemovesfartherbehindthe
leadingedge. (Thedecreasetithincreasingflapchorddoesnot
occur,of course,whentheflapiswhollyoutsidetheMachline.)

DISCUSSIONANDCONCLUDINGREM&RKS

Theefficiencyofa controlsurfacemaybe indicatedby the
ratioof ~ to Cha. b effect,thisratiorepresentsthelift

produceduponapplicationofa givenoontrolforce;therefore,the
largertheratiqthemoreefficientthecontrolsurface.The

I
valueoftheratio ~ Ch8 fortheconfigurationinvestigatedin

thepresentpaperto thecorrespon.?l~ngratioforthetwo-dimensional
casemaybe foundby usingequations(4),(7),and(23);theresult. is

*

whichshowsthatforthesameratfoofflapareatowbg areathe
efficiencyof thetriangularcontrolsurfaceon thetriangulartig
isequalto thatofthetwo-~nsionalwing-flaycombination.

A shilarcomparisoncanbemadeoftherateofroldfora
givencontrol force.By usingequations(17), (18), and(23), the
folhwing equationis obtahed

-- ———-
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,

(41 )Cf—
c

+f[y _

( 1)Cf c
C9

)Cf—
c
-w_
(1)Sf s

co

%1Forequalflaparearatiosand ~ = ~ therateofroll.perunit

hinge-momentcoefficientistwiceas largeforthetriangularcase
as forthetwo-dimensionalcase.Thisdifferenceisa directresult
ofthedifferenceindampingcoefficientforthetwocases(see
equations(15)and(16));forequalflaparearatiosthe

quantity c%/c%

~’~l’h$m ‘s~ity
. In thesecomparisonstheeffect

on thehingemomentoftheasymmetricalangle-of-attackdistribution
whenthewingi.srollinghasbeenneglected.

Thevaluesof C~ arehighcomparedeitherwith Chs orwith

the two-dimensionalvaluesof Cha. An appreciablebalancingeffect

is thusindicatedforcasesinwhichanangle-of-attackresponseto
control-surfacedeflectionisalbwed. Ifthe~resentarrangement
wereusedasa horizontaltail,theeffectonthestick-free
longitudinalstabilitywouldhavetobe considered.In reference8
theratiooftaillift-mrveslopewithcontrolsfreeto thatwith
controlsfixedisshowntobe

.

.

4

—

.

1

whichbecomesforthepresentcase

1
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.

●

Thisratioisa measure
thecontrolsandmaybe

a.

of the destabilizingeffect causedby freeing
usedas indicatedin reference8 to esthate

theresultingshiftinneutralpoint.

●

LangleyMemorialAeronauticalLaborato~
NationalAdvisoryCommitteeforAeronautics

LangleyField,Vs.,March23,1948

.

●
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. .—.-..
At’rM.luLLL

.

.
INTEGRATIONSFOREINGEMOMENTDUE

Equation(32)containsthreeintegrals,

Jn
sin-% dt

to

where

Thisexpression”maybe integratedby partsto give

Theintegral in equation(A2) canbe evaluatedby makingthe
substitution t . n sin e. Theintegral thenbecomes

f
n2 sin2(3deJ t2 dt

2)1/2‘J1-112EI~2e6- ~2xn2-t
(A3)

.

,

.—

Thisintegralcanbe shuylifiedby divisionandby separationInto
partialfractionswhichgives —

.

[ ‘-LI’W+LL+:-+;l-~-e‘A’)n2 sin2dW
-n2 sin2e+ 1 J
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Thefirstintegralontheright-handsideof equation (A4)is simply

Thesecondandthirdintegra.lscambe evaluated
equation(298))

/’ de
l+n sine

J’ at

1 -nsin~

.
Expression(Al)

.

to give
(reference9,

thenbecaes

(A5)

(A6)

)/‘e
2-n

Thesecondintegral.occurringin equation(32)is

JntSti-% dt
to

(A8)
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whereagain

Thisequationcanbe
integral.First,an

Lf *2
t sin-% dt. ~

integratedin muchthesamemannerasthefirst
inte&ationby parts gives

[

t3 dt

(1-t2)(n2-t2)l/2 ‘A9)

Theintegral.in equation(A9)oanbe evaluatedbymaldngthe
substitutiont = n sine whiohgives

/

t3&t Jn3 ~in3ede

(+(n2-t2r’2=‘-~sti’e (AIO)
.

b

As before,divisionandseparationintopartialfractionsgive

+

Thesecondtwointegralson
haveakreadybeenevaluated

n

~

/

de
2 l-nsin’ (All)

theright-handsideofequation(All)
(equation(A6)).-_Thefirstintegralis

I —

-L/nsln’d8=ncos’=~nz -tz (A12) “

●
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Equation(A8)then

25

becomes

J’&q-.t= [.+-y-

2 1/2~2 - #/2
+(1-J (2

Thelastintegralto”be evaluatedis

J’n
SiI1-% dt

to (t+ 1)2

1n (A13)
‘K= ‘o

(A.14)

Thesamegeneralp?ocedureusedfor the previoustwointegrals canbe
employed.Thefirstintegrationby partsgives

.

Substitutionof t . n sin~ gives

.



/

t d%

/

n8in6JM

(1+ t)(l - tq(n~ - t2)1’2 = (1+ n s~ 9)2(1 - n s~ ‘9)

Separating into ~iel fractions gives

J’ nsfne~ .-$
(1 + n sin e)2(l - n sin 0)

/ (1 + n:m e)a

+2

J’ Lf4 l+:sllle+i l-:stie

Thelasttwotite

r
la have been evaluated (equation (A6) ) . With the ald of reference 9,

equattcma(318),w8), end(YM),tiefirstinte~ canhe e=uetedto@ve

(M7)

. .

J &e 1.—

(l+neln EJ)2 l-n2

. . .
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Expression (tik) then becomm

-1 rnz-t2sin
l-t2

l+t

, ●

+9n -i

n

to
(N9)

!3
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